The continuous and precise modulation of the driving and braking torques of each wheel is considered the ultimate goal for controlling the performance of a vehicle in steady-state and transient conditions. To do so, dedicated torque-vectoring (TV) controllers that allow optimal wheel torque distribution under all possible driving conditions have to be developed. Commonly, vehicle TV controllers are based on a hierarchical approach, consisting of a high-level supervisory controller that evaluates a corrective yaw moment and a low-level controller that defines the individual wheel torque reference values. The problem of the optimal individual wheel torque distribution for a particular driving condition can be solved through an optimization-based control-allocation (CA) algorithm, which must rely on the appropriate selection of the objective function. With a newly developed offline optimization procedure, this paper assesses the performance of alternative objective functions for the optimal wheel torque distribution of a four-wheel-drive (4WD) fully electric vehicle. Results show that objective functions based on the minimum tire slip criterion provide better control performance than functions based on energy efficiency.
I. INTRODUCTION

F
ULLY ELECTRIC VEHICLES (FEVs) can have different topological layouts with in-wheel or onboard motor drives. This design flexibility, which is combined with the possibility of continuous modulation of the electric-motor torque, allows the implementation of advanced torque-vectoring (TV) control systems. In particular, based on the individual wheel torque control, novel TV strategies aimed at enhancing active safety [1] - [3] and "fun-to-drive" qualities [4] in all possible driving conditions can be developed. Indeed, by directly controlling the yaw moment through the actuation of electric drivetrains, a TV system extends the safe driving conditions to greater vehicle velocities during emergency transient maneuvers than a conventional vehicle dynamics control system based on the actuation of the friction brakes [5] , [6] . Different electric vehicle layouts are currently analyzed for the demonstration of TV [7] and [8] ).
control strategies, including multiple individually controllable drivetrains [7] - [11] or one electric motor per axle coupled with an open mechanical differential or a TV mechanical differential, which is the solution discussed in this paper. TV control structures are usually organized according to a hierarchical approach (see Fig. 1) . A high-level vehicle dynamics controller generates a reference vehicle yaw rate, which is adopted by a feedback controller to compute the reference tractive/braking torque and yaw moment. The feedback controller is either based on sliding mode [12] , [13] , linear quadratic regulation [14] , model predictive control [15] , or robust control [16] . A feedforward contribution M compensates the inaccuracies, the disturbances, or the variation of the vehicle parameters (such as vehicle mass, position of the center of gravity, etc.) considered for the derivation of the feedforward maps.
At a lower level, the objective of the control allocation (CA) is to generate appropriate commands for the actuators to produce the desired control action in terms of traction/braking torque and yaw moment. When the number of actuators is larger than the number of reference control actions, the CA problem can be solved by minimizing an assigned objective function. This is achieved with simplified formulas based on the vertical load distribution [17] , [18] or with more advanced techniques, such as weighted pseudoinverse CA [10] , [19] , linear matrix inequality [20] , or quadratic programming with inequality constraints [21] . The optimization algorithms most commonly employed for online CA schemes are active set, fixed point, and accelerated fixed point. The published methods are shown to be successful, but their application and analysis are limited as their tuning is carried out through the optimization of the vehicle performance during specific maneuvers [22] and not the full range of possible operating conditions. More importantly, the effect of the possible alternative formulations of the objective functions for CA on the overall performance is not explored in the literature.
TV control can have a major impact on the general driving experience. Most of the time, the driver operates the vehicle in steady-state or slowly varying conditions at lateral acceleration levels a y below 0.5 g [23] . During these sub-limit conditions, the continuous yaw moment control can significantly improve the vehicle cornering response. As recently pointed out in [24] : "Despite the significant volume of theoretical studies of TV on vehicle handling control, there is no widely accepted design methodology of how to exploit it to improve vehicle handling and stability significantly." To address this issue, novel tools for the design of TV control systems have to be proposed and assessed. This paper presents a methodology based on the definition of a set of reference understeer characteristics and the comparison of different CA criteria.
Vehicle steady-state cornering response is usually assessed in terms of its understeer characteristic, which is expressed by the dynamic steering-wheel angle δ dyn (δ dyn = δ − δ kin , where δ is the actual steering-wheel angle, and δ kin is the kinematic steering-wheel angle) as a function of a y [25] . In general, in a passenger car, δ dyn (a y ) increases monotonically and nearly linearly up to a value of lateral acceleration a * y 0.5 g for high friction conditions. Correspondingly, the understeer gradient K U = ∂δ dyn /∂a y of the vehicle is nearly constant. Beyond this linear region, δ dyn (a y ) is nonlinear and tends to an asymptotic value corresponding to a y, max when the tire friction limits are reached. In contrast to vehicles without TV control, where the specific understeer characteristics are determined by the tire properties, geometrical and inertial parameters, and the suspension elastokinematics [26] , [27] , the understeer characteristics of a vehicle equipped with a TV system can be designed to achieve almost any desired behavior. For example, the understeer gradient K U in the linear part of the characteristic could be imposed. Moreover, the width of the linear portion of δ dyn (a y ) (indicated by a * y ) could be increased, or the maximum lateral acceleration a y, max could be altered, with the constraints dictated by tire friction limits [28] .
In addition to the advantages during pure cornering maneuvers, continuous TV control has the potential to improve the handling response of a vehicle while braking or accelerating. As will be discussed in Section II, the understeer characteristic of a vehicle (without TV) varies markedly with different levels of longitudinal acceleration a x . Despite the significant influence of accelerating and braking, the understeer characteristics for nonzero a x are normally not considered and analyzed. This restriction mainly results from limitations imposed by the typical vehicle dynamics simulation techniques or testing procedures used to derive the zero a x cornering response plots, namely, skidpad tests or ramp-steer maneuvers.
This paper deals with the detailed analysis of different approaches for the optimal wheel torque distribution for vehicle TV control. In particular, the following three points are presented and discussed.
1) An experimentally validated vehicle model based on a quasi-static approach is introduced, to derive the vehicle understeer characteristics in conditions of nonzero a x values. The model can be also used to estimate the transient vehicle response through moment-methodbased techniques [29] . 2) A novel offline optimization design procedure, which is based on the quasi-static model, is presented. The procedure generates the maps of the feedforward contribution of the reference yaw moment and of the CA actuation to achieve a set of reference understeer characteristics, including the compensation (or partial compensation) of their spread as a function of a x . 3) The performances of different CA objective functions are contrasted, and the results and sensitivity to the electricmotor drive parameters are discussed. This is achieved through the aforementioned offline procedure, which allows the a priori analysis of the results, independently from specific maneuvers in the time domain.
II. VEHICLE MODELING
The case-study vehicle (see Fig. 2 and Table I ) is a fourwheel-drive (4WD) sport utility vehicle (SUV) equipped with one switched reluctance motor per axle, which is connected to the wheels through a single-speed transmission, a TV differential, and two half-shafts with constant velocity joints.
This FEV topology combines the advantages of an individually controlled 4WD layout, with the lower cost associated with two electric-motor drives instead of four. The TV differentials of the specific FEV permit left/right TV within each axle with a maximum torque bias of 1000 Nm, whereas the two central motors provide front/rear torque distribution, with the added benefit of a relatively simple management of fail-safe-related issues [18] .
A. Model Description
A quasi-static vehicle model (according to the definition in [30] ) was developed, assuming that the time derivatives of the main state variables of the system (vehicle sideslip angle β, roll angle ϕ, and tire longitudinal slip σ i ) are zero, as shown in the following:β
With this approach, the understeer characteristics for assigned values of a x , the energy efficiency, and the moment method plots [31] can be quickly computed, avoiding the computationally demanding forward time integration of the equations of motion.
The quasi-static model [4] considers four degrees of freedom for modeling the chassis response (longitudinal, lateral, roll, and yaw motions). The equations of motion for each degree of freedom are written according to the sign conventions of the ISO standard [32] , i.e.,
Subscripts "F " and "R" indicate the front and rear axles. M z is the yaw moment required to maintain the vehicle in equilibrium conditions, consistently with the quasi-static approach. u is the longitudinal component of vehicle velocity v with respect to the vehicle reference system. x i and y i are the longitudinal and lateral distances between each tire and h CG is the height of the vehicle center of gravity. d CG , d F , and d R are the heights of the roll axis, which are evaluated at the vehicle center of gravity, the front suspension, and the rear suspension, respectively. The front and rear suspension antiroll moments, i.e., M ϕ F and M ϕ R , respectively, are computed through nonlinear lookup tables based on the respective roll stiffness values. F drag is the aerodynamic drag force.
The longitudinal force F x i , the lateral force F y i , and the selfaligning moment M z i of the ith tire in its reference system are calculated by employing the Magic Formula model [23] as functions of the longitudinal slip σ i , slip angle α i , camber angle, tire-road friction coefficient, and vertical load F z i , which is expressed as
where summations Σ j are applied to the two wheels of the same axle, F z0 i is the tire static vertical load, L is the vehicle wheelbase, ε 1 = ±1 depending on the axle, and ε 2 = ±1 depending whether the wheels are on the right side or the left side of the vehicle. For the simulation of the drivetrain layout of the case-study vehicle (see Fig. 2 ), the model of an overdriven TV differential has been included (see [33] for the detailed analytical description). The wheel torque values are functions of the motor torque values and the differential clutch control torque values T C Left, F/R and T C Right, F/R , which allow a torque bias between the two wheels of the same axle.
The electric-motor drives are modeled with experimentally derived electric power-loss maps that are functions of the primary operating variables, i.e., the torque, the speed, the input voltage, and the operating temperature. A realistic model of the vehicle battery and its losses based on the approach outlined in [34] has been implemented.
B. Model Validation
The understeer and sideslip characteristics of the quasi-static model were validated against experimental results obtained at the Lommel proving ground (Belgium) with an internal combustion engine driven SUV (see Fig. 3 ). The tire vertical, longitudinal, and lateral force characteristics and the sprung mass roll response, not measured directly in the experimental tests, were compared with the results provided by a vehicle As shown in Fig. 4 , a x has a significant influence on K U , even when a y = 0. For instance, K U ranges from −4.9 deg/g at a x = −5 m/s 2 to +27.3 deg/g at a x = 5 m/s 2 . Moreover, the maximum achievable δ dyn reduces when K U < 0.
C. Model Results and Discussion
The considerable change of the understeer gradient with a x can be perceived by the driver as an "inconsistent" vehicle behavior already in normal driving conditions. To make the vehicle behave more predictably, a TV system can be used to (at least partially) compensate the variation of K U . An approach for a qualitative limitation of the spread of the characteristics in Fig. 4 has been proposed in [31] . However, the presented TV algorithm is not based on a reference understeer characteristic and thus cannot provide an a priori definable amount of reduction of the spread of the understeer characteristics. Moreover, the TV controller cannot be used to achieve a desired understeer characteristic, for example, by modifying the K U or the linear region according to target values. These issues are addressed by the procedure described in Section III.
III. OFFLINE OPTIMIZATION PROCEDURE FOR THE DESIGN OF THE UNDERSTEER CHARACTERISTIC
A. Procedure Description
An offline optimization procedure has been developed to generate the map for the feedforward component M FF z of the TV controller (see Fig. 1 ) for tracking a target understeer characteristic. At the same time, the procedure allows the offline evaluation of the distribution of motor torque, differential clutch torque, and friction brake pressures. These can be expressed as functions of the total reference wheel torque (T TOT ) and M TOT z , or as direct functions of five inputs: 1) the actual steering-wheel angle; 2) vehicle velocity; 3) the driver torque demand defined by the accelerator pedal position; 4) the position of the brake pedal, which is measured by the displacement sensor located in the pedal unit of the brake-bywire system; and 5) the tire-road friction coefficient. For actual implementation of the TV controller, online estimation of the tire parameters, including tire-road friction coefficient μ, is required.
The offline procedure is designed to compare different cost functions for CA without the problems related to their implementation within an online CA algorithm (e.g., such as the approximated evaluation of the tire friction ellipse). In fact, online CA implies heavy numerical approximations, which depend on the analyzed objective function. Moreover, most of the CA algorithms are suitable only for quadratic formulations of the optimization problem. These reasons prevent the objective assessment of alternative CA criteria. Hence, a fair comparison of objective function formulations for CA can be carried out only through an offline procedure, missing at the moment in the literature [7] - [9] .
The offline procedure consists of three steps (see Fig. 5 ).
Step 1: Definition of a set of reference understeer characteristics δ dyn (a y , a x ). The following expression based on three parameters (i.e., K U (a x ), a * y (a x ), and a y, max (a x )) is proposed:
Reference set δ dyn (a y , a x ) constitutes one of the equality constraints in the optimization procedure.
Step 2: Definition of a set of equality and inequality constraints.
The equality constraints are represented by the equations of the quasi-static model in Section II-A. The inequalities relate to limitations arising from the installed hardware components, such as: 1) electric-motor torque limitation, as a function of the electric-motor voltage, speed, and temperature; 2) battery power limitation, as a function of the battery state of charge, current, and temperature; 3) limitation of the TV differential actuation; 4) longitudinal slips σ i , from the viewpoint of the limitation of their absolute values and/or their distribution between the four wheels; and 5) braking strategy and maximum friction braking torque.
Step 3: Optimization through minimization of an objective
function. For instance, the following objective function J P , which is based on an energy efficiency criterion, i.e., the minimization of the input power to the front and rear electric drivetrains (P In F and P In R , respectively), is used: Due to the irregularities and local minima of the efficiency maps of the electric-motor drives, a suitable optimization algorithm was determined with an initial comparison of the performance of several routines (active set, sequential quadratic programming, trust-region reflective, and interior point). This was achieved by running the procedure with different initial conditions and then checking the outputs of the alternative algorithms. The selected formulation is the interior point method [35] . Fig. 4 , the understeer gradient in the linear region is constant and independent of the longitudinal acceleration. Therefore, the vehicle will show consistent and predictable cornering response. To obtain a more responsive vehicle, the understeer gradient in conditions of constant velocity for the controlled vehicle was selected to be lower than for the vehicle without TV. Despite the increased responsiveness in traction, the stability in braking is enhanced. is negative to stabilize the vehicle. Fig. 8 is the graph of the five major power losses for the vehicle with the understeer characteristic in Fig. 6 at a x = 2.5 m/s 2 . The highest gradient as a function of a y belongs to the power-loss contribution P LOSS, α relating to tire sideslip (due to the lateral slip velocity v s, y i of each tire in its reference system), which is defined by
The power consumption associated with the tire lateral forces represents an essential contribution for the vehicle steering capability; however, as shown in the following, this dissipative term can be minimized by a proper wheel torque distribution.
Moreover, the power losses due to the TV differentials P LOSS, TV = P LOSS, TV F + P LOSS, TV R and the power losses arising from longitudinal tire slip P LOSS, σ (due to the longitudinal slip velocity v s, x i with respect to the reference system of each tire) increase markedly with a y . P LOSS, σ and P LOSS, TV F/R are given by
where σ i is the slip ratio of the tire, v x i is the velocity of the wheel center along the x-axis of the tire reference system, and Δω C Left/Right, F/R are the slip speeds of the left and right clutches of the front and rear TV differentials. In contrast, the power losses in the transmission P LOSS, TR (excluding the TV differentials) and in the electric-motor drives P LOSS, M (the largest contribution up to a value of a y 5 m/s 2 ) marginally grow with a y for the specific drivetrains. Similar behavior of the motor power losses has been evaluated under the same operating conditions for the vehicle without TV. As a consequence, the potential advantage of including the efficiency maps of the electric motor in the optimization procedure for CA is modest compared with the wheel-slip power-loss contribution.
B. Procedure Verification
To simulate the 4WD vehicle layout considered in this study, a vehicle model created in CarMaker by IPG Automotive has been connected to a dynamic model of two electric drivetrains, which is implemented in Matlab-Simulink. This model includes the first-order torsion dynamics and the plays of the drivetrain [36] .
As means of verification of the optimization procedure, the created maps of the feedforward control action (to be applied to the motors and the differentials) were implemented in the CarMaker-Simulink model of the case-study FEV. For example, Fig. 9 compares the understeer characteristic of the baseline vehicle (without TV) simulated in CarMaker, i.e., the target understeer characteristic adopted within the optimization, and the understeer characteristic for the vehicle (in CarMaker) with only the feedforward TV control applied, during a rampsteer maneuver in conditions of constant velocity. As shown in Fig. 9 , the reference and actual characteristics match well already without the feedback controller. Moreover, as this good agreement was verified for several maneuvers (omitted here for brevity), we conclude that the feedback control would have only a marginal intervention within the overall controller in most conditions.
In addition, Fig. 9 highlights the benefits of the TV system in relation to K U (15.7 
IV. COMPARISON OF ALTERNATIVE OBJECTIVE FUNCTIONS FOR CONTROL ALLOCATION
Based on results obtained with the offline optimization procedure, here, we evaluate and compare four alternative objective functions for CA in terms of their influence on vehicle steady-state performance. The investigated objective functions, which are outlined in [4] for a vehicle with individual motors at the wheels, are the following.
J P , as introduced in (8), is the function based on the minimization of the overall input motor power. J STD is the function that minimizes the standard deviation of longitudinal tire slip with respect to the average slip of the four wheels, i.e., J SPL is the function that minimizes the total longitudinal slip power loss, i.e.,
J μ is the function that minimizes the average combined tire force coefficient, i.e.,
Many other objective function formulations (without any comparison of the performances) for CA can be found in the literature (e.g., in [3] , [8] , [11] , and [37] ), but this selection includes the most significant physical parameters that can be adopted and combined for CA design.
To facilitate a direct comparison of the results, the same set of inequality constraints has been imposed for each objective function. The evaluation of the objective functions is based on the following four criteria: 1) the smoothness (variation of the gradient) of the drivetrain torque profiles T i (a y ); 2) the uniformity of the longitudinal slip distribution among the four tires; 3) the sensitivity of T i (a y ) with the parameters of the electric drivetrain (such as the electric-motor drive efficiency map) and the tire-road friction coefficient; and 4) the energy efficiency of the resulting drivetrain actuation. Simulation results based on the reference understeer characteristics in Fig. 6 evaluated at v = 90 km/h and a x = 2.5 m/s 2 are presented and discussed in detail. Fig. 10 plots the drivetrain torque values at the wheels obtained with J P and J SPL as objective functions. In both cases, the target understeer characteristic has been defined by K U = 12 deg/g, a * y = 7 m/s 2 , and a y, max = 8 m/s 2 , with the aim of increasing the cornering response of the baseline vehicle. Therefore, larger traction torque is required on the outer side of the corner (in this case, the right side of the vehicle) with respect to the inner side.
As shown in Fig. 10 , the wheel torque values determined with J P vary significantly when the lateral acceleration of the vehicle is between 4 and 6 m/s 2 . This is due to the shape of the electric-motor efficiency maps. Below this range of a y values, the corrective yaw moment is primarily generated at the rear axle through T Right, R -T Left, R . At about 4 m/s 2 , the torque difference at the rear begins to reduce with rising a y , which is compensated by a torque difference created at the front axle. At about 6 m/s 2 , T Right, R -T Left, R ≈ 0, and the entire yaw moment is generated at the front axle. At greater a y values, T Right, R -T Left, R increases again. The observed variation of the wheel torque distribution for steady-state conditions will impact the driving comfort during actual maneuvers in the time domain. Thus, the CA strategy based on J P can be perceived negatively by the driver and the passengers. The rate of change of the wheel torque values can be reduced with proper constraints implemented in the online CA algorithm; however, such a reduction may affect the vehicle responsiveness to fast steering inputs. In contrast, with J SPL the trends of the wheel torque values against a y curves are smooth as this objective function is not related to the drivetrain efficiency maps, and the yaw moment contributions generated by the front and rear axles are very similar.
The same conclusions can be drawn when the wheel torque values evaluated with J P are compared with those obtained with J μ (see Fig. 11 ) and with J STD (results omitted for brevity). Moreover, it was found that the results provided by J STD and J SPL are usually very similar.
The effectiveness of the slip-based CA objective functions is confirmed in Fig. 12 , where the average slip of the four wheels and the standard deviation (plotted in the form of error bars) of the longitudinal slips with respect to their mean value (among the four tires) are compared for J P and J SPL . The trend of the mean value of the longitudinal slip as a function of a y is nonlinear even at values of a y where the understeer characteristic is still linear. This behavior can be ascribed to the nonlinear relationship between longitudinal and lateral tire forces. The mean value of the longitudinal slip remains nearly unaffected (up to a y values close to the friction limits) by the particular CA objective functions, whereas its standard deviation is lower with the slip-based functions such as J SPL (see Fig. 12 ). For the investigated operating conditions and vehicle parameters, the standard deviation with J SPL is about half of the value obtained with J P for most of the range of a y . This reduction is beneficial in terms of secondary phenomena such as tire wear. More importantly, the uniform distribution of slip ratios implies a greater margin before critical driving conditions are reached, which require the intervention of the traction control or antilock braking system. During these situations, the tracking capability of the reference yaw moment can be temporarily compromised. Hence, J SPL can be assumed to enhance vehicle safety.
Owing to the linear relationship between longitudinal tire force and slip ratio σ for small values of σ, the same trend and magnitude of the slip variance among the four tires have been observed at small to medium values of a y with J μ and J SPL . At a y values close to a y, max , the magnitude of the wheelslip variance is larger for J μ than for J SPL . This difference results from the nonlinearity of the tire characteristics. On a real vehicle application, J μ could be preferred to J SPL for practical reasons, such as simplicity of implementation.
Similar observations can be made in low friction conditions, as shown in Fig. 13 (μ = 0.6), confirming the advantage achieved with slip-based strategies.
All the simulation results presented (see Figs. 10-13) were obtained with the same electric drivetrain characteristics. They are based on the switched reluctance electric motors that are implemented and tested within the European Union Seventh Framework Programme E-VECTOORC project [38] . As the efficiency maps of electric-motor drives may considerably vary, their influence was assessed by repeating the simulations with the alternative objective functions with a different electricmotor characteristic. In particular, a permanent-magnet dc motor for automotive traction with approximately the same peak power and torque values as the switched reluctance units was used. Fig. 14 shows the wheel torque distributions for J P and J SPL for this alternative powertrain hardware. With respect to J P , the trend of the wheel torque values is not only different from the one presented in Fig. 10 but is also irregular. In terms of J SPL , the simulation results show similar smooth trends and can be thus assumed to be nearly independent of the electricmotor drive characteristics.
To evaluate the influence of the CA objective functions on vehicle energy demand, the percentage difference ΔP/P of the overall motor input power for the strategies based on (12) - (14) with respect to the input power for J P are compared in Figs. 15-17 . Moreover, the figures show ΔP/P for the baseline vehicle, i.e., without actuation of the TV differential and an even torque distribution between the two electric-motor drives. Compared with J P , the input power values to the electric drivetrain required with the J STD and J SPL strategies are very similar. With the J μ strategy, a slight input power increase at high a y values can be observed. These findings hold true for very different control targets (i.e., K U = 28 deg/g in Fig. 16 ) or low friction conditions (i.e., μ = 0.6 in Fig. 17) .
Moreover, the adoption of a TV system increases the input motor power demand by up to about 3%, compared with the baseline vehicle (see Figs. 15-17) . The increase is caused by power losses associated with the actuation of the differential clutches required to generate the torque bias on each axle. As a consequence, a 4WD vehicle layout without TV differentials, i.e., with four individually controlled electric-motor drives, could be a more energy-efficient implementation of a TV system. Interestingly, the simulation results show that J P allows reduction of the power losses in the TV differentials by about 8% relative to the other investigated objective functions.
V. CONCLUSION
A procedure for the offline design and evaluation of alternative TV controllers for fully electric vehicles has been presented. The results, which are obtained for a vehicle with central motors and TV differentials, demonstrate the effectiveness of TV control in tuning vehicle response. This is achieved through a set of reference understeer characteristics in conditions of constant and variable vehicle velocities. For actual implementation of a TV control system, the offline procedure allows the evaluation of the feedforward map of the control yaw moment, as a function of measured and estimated quantities, for a given set of vehicle and tire parameters.
The analysis of the CA criteria shows that energy-based cost functions provide marginal benefit in the selection of the individual wheel torque distribution. In contrast, objective functions based on tire slip distribution allow a smooth variation of the wheel torque values for all achievable lateral accelerations and yield only a marginal energy consumption penalty.
Similar analyses will be conducted in future studies for different multiple-motor vehicle layouts, including a detailed discussion of the regenerative and friction brake torque distributions during braking-while-cornering maneuvers.
